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1. INTRODUCTION 
An ideal which can be generated by elements belonging to the centre 
of a ring R is called a central ideal of R: here and in what follows “ring” 
always means a ring with unity. More generally, an ideal I of R is said to be 
hypeycevztral if there exists an ascending central seties of ideals of R from 0 
to 1, that is to say, a chain of ideals 
0 = I, < II < ... I, <I&+1 < ... I, = I, 
such that &+i/& is a central ideal of R/I, and I,, = &,,Ia for all ordinals 
a < L and all limit ordinals h < 1. The least ordinal L which is the length 
of such a series is called the height of I. Recently Roseblade [5] proved that 
every ideal of the integral group ring ZG of a group G is hypercentral if 
and only if G is a hypercentral group, i.e., G coincides with a (possibly trans- 
finite) term of its upper central series. Hypercentral ideals which have finite 
height will be called po&central, but the reader should note that Roseblade 
uses this term in a narrower sense. 
If M is a (right unitary) R-module and S is a nonempty subset of R, let *S 
stand for the additive subgroup of all a in n/I such that as = 0 for all s E S. 
Our first object is to prove the following theorem. 
THEOREM 1. Let R be a ving and lM a noetheviavz R-vvwdule. Then there 
exists a positive integer n such that 
MP n *I = 0 
for every hypercentral ideal I of R which has height at vnost W. 
We remark that on the basis of Theorem 1 it is possible to establish for 
the pair (M, I), by methods described in [4], versions of the Krull intersection 
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theorem, Sakayama’s lemma, and the Artin-Pees property. Zn this !2st: form 
a special case of Theorem I has been found by Nouaze and Gabriel 132, who 
assume that I has a centralizing set of generators. 
Theorem I does not extend even to hypercentral ideals of height LL~ + 1. 
Indeed we shall establish the following. 
T~~EORE~U 3. There exists a metabelian group G whi& is hypercentr~l 
of class w + 1 afzd a noetherian ZG-module M such that 
g being the augmentation ideal of the group ring ZG. 
STROUD'S THEOREM. Theorem 1 has a group theoretica: motivation in the 
following result of P. W. Stroud [6]. If A is a nov77zaE abelian subggPoup of 
a-fiinite!y generated group G and G/d is nilpotent, then for every nomai subgroup 
N of G 
Y&V) n SW) = 1, 
for some positi.ve integer 72 = 77(N); 77101’eovel yJN) = y,n+I(LV)~ 
Here y,(N) is the oath term of the lower central series of IV and l(N) is 
the centre of N. Stroud proved this by utilizing certain types of “primary” 
modules over group rings of finitely generated nilpotent groups. 
Theorem 1 ma>; be applied to give the foliowing generalization of Stroud’s 
theorem. 
GOR~LLARY 1. Let A be a nowrab abelian subgroup oj a grozbp G, let G/A 
be nilpotent and assume that d is noetherian as ZG-module. Then there is CI 
positive integer n such that 
y,(N) n tgLV) = 1, 
PYOOf~ Apply Theorem 1 with Ilf = A: R = Z(G/A) and I the ideal 
generated by all xA - A where N E N. The conc!usion in group theoretic 
form is 
[A, N,..., N] n &V) = I c n1 ---f 
for some positive integer n, : from this it foliows that yn(N) r\ 4(-V) = B 
where 7z = n, + c + 1 and c is the nilpotent class of G/N. The second part 
follows on applying the first part to the group G/yw+r(N). 
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Stroud’s theorem is a consequence of Corollary 1: for R = Z(G/A) is 
a right noetherian ring [2] and d is a finitely generated R-module since G/A 
is finitely presented. Hence the R-module A is noetherian. 
A much harder question is whether Stroud’s Theorem, or perhaps even 
Corollary 1, is valid when N is a nonnormal subgroup of G. 
2. PROOF OF THEOREM 1 
The proof depends on the following. 
LEMMA 1. Let R be a ring and M a noetherian R-module. If J is a sum 
of hypercentral ideals of R each of which has a power annihilating M, then 
MJ” = 0 for some positke integer il. 
Proof. Since M is noetherian, M J = MI where I = I( 1) + ... + I(r): here 
each 1(j) is a hypercentral ideal of R and M1(j)‘n = 0 for some m > 0. Since 
It is the sum of all products of t of the I(j)‘s, we shall have MP1 = 0 if we 
take ?zl to be P(WZ - 1) + 1. 
Obviously I is a hypercentral ideal of R: let {I, : 01 < I} be an ascending 
central series of ideals leading up to I. On account of the noetherian condition 
only a finite number-let us say Z-of the submodules M& are distinct. If 
Z=1,thenMJ=il~1=O;letZ>1. 
There is an ordinal 01 < L such that 
0 = nq < nua+, . 
Now (M/MI~,,) J = n4ynuw+, and the number of distinct (M/M1~+,) z’s 
is I - 1. By induction on I there is a positive integer n, such that 
nfJJ”z < mm+, . (1) 
Since I,+,/I, is central, I,+1 J < JIti+l + I,, but MIN = 0, so NIa+l J < NJ& 
for anv submodule N of 44. Therefore 
by (1). In general, llfyfi? < ilUj+, . Setting i = fzi , we obtain 
Proof of Theorem 1 (concluded). We shall prove first a weaker form of the 
theorem which refers only to polycentral ideals and provides an integer n 
which may depend on the ideal I. The proof is by induction on the height i 
of 1. Let i > 0 and assume the theorem true for ideals of height i - 1. 
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Suppose that the theorem is false for the pair (Jr, I). Then the noeeherian 
condition allows us to choose M to be a minimal counterexample in the sense 
that the result is true for all (M, I) where ,%? is a proger image of U. Then 
if -4 and B are submodules of 171r and A CI B = 0, either 2 = 0 or B = 0. 
There is a central series of ideals of R 
0 =I, <II < ... <Ii =I. 
Choose an eiement x of II which lies in the centre of R. Then 0 T “I < *.I:. 
The mapping a w UP is a module endomorphism of M, so each *(sP) is 
a submodule, and *(x”l) = r(xnl+r) f or some n, by the noetherian condition. 
The usual Fitting argument shows that 3l~l C-I x.~ = 0. Consequent!) 
X.P~ = 0. But 1, is a central ideal of R, so Lemma I, in its simplest form, 
implies that iUI;2 = 0 for some Pz2 .
Suppose that MI’I, I ‘+I = 0 for certain integers r and S. Then MIYI~S is 
an (R/i,)-module and I/II is a polycentral ideal of R/1; +h height i - 1. 
Induction on i yields an integer t such that 
since 1, is central. Hence MPtlIS = 0. Since We know thar %I~‘~ -= 0; 
it follows that MP = 0 for some integer n, which is a contradiction. 
The nest step is to establish the theorem for polycentral ideals. Assume 
this to be false and once again let AI be a minimal counterexample. Let H be 
any polycentral ideal of R ; then MInl R *I = 0 for some n, possi‘~lp depending 
on I. This means that either MPl = 0 or *I = 0. Let J be the sum of ail the 
polycentral ideals of R which have a power annihiiating M. Then AIJ” = 0 
for some integer 11 by Lemma 1. Hence either :W’I” = 0 07 “i = 0, and 
in both cases Mill n *I = 0; here n does not depend on I. 
Finally let I be a hypercentral ideal of height &I and let a E XG” G ‘$2 
where n is the integer of the last paragraph. There is a polycentral ideal 1, 
contained in I such that n E AUOll n *I,, = 0. Hence 311” n ;'I = 0 and 
the proof is complete. 
Remark. The penultimate paragraph of the proof shows that if R is a ring, 
there exists a unique ideal I which is maxima! subject to the fcoilowing 
properties: ,I) _ I’ I is hvpercentral; (ii) if ATI is a noexherian R-moduie, the:: 
JU’z n *‘I = 0 for some positive integer 11 = n(X, I), 
-Uthough Theorem 1 does not hold for arbitrary hypercentral idealsl 
there is a weaker version of it, which is probably bill knoxvn. 
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Proof. Let the result be false and choose M to be a minimal counter- 
example. There is nothing to be lost in assuming that Mx = 0 always implies 
x = 0. Since I is a nonzero hypercentral ideal, it contains a nonzero element x 
belonging to the center of R. Then Mx # 0. The mapping a FP axi + &Ix~+~ 
is a module homomorphism of M onto N = Mzc~/M,x~+~ with kernel containing 
Mx. Hence N is a proper image of M. Also N = AU. By minimality of M 
we have (Mxi) n *I < &Qifl; hence *I < Mxi for all i. But iVW n *X = 0 
for some n; consequently Mx~ n *I = 0 and *I = 0. 
3. THE COUNTEREXAMPLE-PROOF OF THEOREM 3 
Let H be a free abelian group of countably infinite rank with basis 
{Xl 9 x2 ,*a* }. An automorphism t of His defined by the rules 
x1t = x 1 and xit = +vi-r , (i > 1). 
If G is the natural semidirect product of H by (t), then (xi, xs ,..., xi) is 
the ith term of the upper central series of G; thus the wth and (w + 1)th 
terms are H and G respectively, which shows that G is hypercentral of class 
w + 1. Notice also that H = [H, Gj. 
Let R = ZG: we shall construct an R-module M with the desired properties. 
Our original construction was quite explicit but involved computation. Our 
thanks are due to the referee for suggesting the following less explicit but 
much less computational approach. 
Following K. W. Gruenberg let us write g for the augmentation ideal 
of ZG: the kernel of the natural homomorphism of R onto Z(G/H) is the 
two-sided ideal ij = h + ljg. It is a simple observation that 
zjlbg = H, (2) 
the isomorphism being of left R-modules [I, Lemma I]. Since H is free 
abelian, there is an additive subgroup S of R such that ljg < S < ij and 
G/S is finitely generated. Clearly S has to be a right ideal of R. Now define 
M = R/S and N = QS, 
these being right R-modules. Since R/q z Z(G/H), which has the maximal 
condition on right ideals, M is noetherian as a right R-module. Also 
H = [H, G] and the isomorphism (2) yields ljj = ljg + g”h, from which it 
follows that N < il4gn for all n > 1. Clearly &=r,.,... (g” + 6) = lj, so 
that N = nn=1,2,... MgVA. Finally *g = N, so that the proof of Theorem 3 is 
complete. 
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